The interiors of Schwarzschild black-holes border on space-like singularities which are considered to serve as geodesic information sinks. It is shown that these sinks are completely decoupled from local quantum physics by a dynamically generated Dirichlet boundary. Towards this boundary, local information carriers become free and receive vanishing probabilistic support. Hence information cannot leak and information processing in black-hole interiors is free from paradoxes.
The interiors of Schwarzschild black-holes border on space-like singularities which are considered to serve as geodesic information sinks. It is shown that these sinks are completely decoupled from local quantum physics by a dynamically generated Dirichlet boundary. Towards this boundary, local information carriers become free and receive vanishing probabilistic support. Hence information cannot leak and information processing in black-hole interiors is free from paradoxes.
PACS numbers: 03.70.+k, 04.20.Dw, 04.62.+v, 11.10.-z Introduction. Schwarzschild black-hole interiors are considered to border on information sinks which are accessible to geodesic information carriers. Any information carriers falling into these space-like singularities are irreversibly lost, their recovery is forbidden by causality. In the purely geometrical description of black-hole interiors, geodesic incompleteness is realized in its most radical version: Any geodesic carriers of information in the interior are destined to reach the singularity after a finite time has elapsed. From this perspective, black holes seem to leak information through their borders. In other words, black holes destroy information [1] .
In this letter we show that black-hole interiors cannot loose information carried by local bookkeeping devices. Local quantum physics is decoupled from the space-like singularity by a Dirichlet boundary condition [2] . This boundary condition is not imposed on the information carriers, but emerges dynamically due to a quantumcomplete evolution given by a contracting semi-group. The contraction property is reflected in the vanishing probabilistic support that is assigned to local information carriers towards the boundary. As a result, the classical information sink is closed in the quantum regime, and local information carriers are protected from inconsistencies rooted in the purely geometrical description of black-hole interiors.
After some geometrical preliminaries we present an intuitive argument based on scaling relations in the micropaedia before giving the exact argument in the macropaedia, followed by an interpretation based on Dirichlet decoupling. The latter can be related to the black-hole final state proposal by Horowitz and Maldacena [3] . The emerging Dirichlet boundary supports their argument for a black-hole final state from a semi-classical perspective.
Geometrical Preliminaries. Schwarzschild black-holes are the warped geometries B := P < × r S 2 , with P < denoting the region r < r g := 2M in the (t, r)-half plane R × R + , where the projections t : B → R and r : B → R + * l.eglseer@physik.uni-muenchen.de † stefan.hofmann@physik.uni-muenchen.de ‡ marc.schneider@physik.uni-muenchen.de are the Schwarzschild time and Schwarzschild radius, respectively. And S 2 denotes the unit two-sphere. In B the coordinate vector field ∂ t is space-like, and ∂ r is time-like. Taking this into account, the quadratic form associated with this geometry can be written as
, where s(t) := |1 − r g /t| is the Schwarzschild function, and w denotes the line element associated with the Euclidean metric on S 2 , equipped with the usual spherical coordinates (φ, θ). B is a globally hyperbolic space-time diffeomorphic to R × Σ, where Σ is the folio of spatial hypersurfaces Σ t labeled by Schwarzschild time. The metric field associated with the above quadratic form will be denoted by g, and its pull-back to Σ by g Σ .
In this geometry, the geodesic motion of a point particle that is initially equatorial relative to Schwarzschild spherical coordinates is bound to remain equatorial, θ = π/2. The so-called energy equation E 2 = (dt/ds) 2 + V eff holds, where E := s(t)dr/ds and L := t 2 dφ/ds are constants, which have an intuitive interpretation in the exterior as asymptotic energy per unit mass and angular momentum per unit mass, respectively. In fact, in the exterior, the definition of L formally coincides with Kepler's second law. The effective potential is given by V eff := −(1 + L 2 /t 2 )s(t). Close to the endpoint at t = 0, the effective potential is bounded from above, V eff = −L 2 r g /t 3 plus less singular contributions. Thus the classical motion generated by V eff is not complete at t = 0, and so B is geodesic incomplete [4] . Geodesic completeness, however, does not imply quantum completeness (and vice versa).
Micropaedia. Let us first give an intuitive argument based on scaling relations for information conservation in B, before providing exact statements. In B consider a dynamical system (L, Φ * , Φ), where Φ * , Φ denote scalar fields charged under U (1), and L is the corresponding Lagrange density L = L 0 + L int , with the first term denoting the free theory L 0 = Φ * Φ. The intuitive argument will be given in the absence of interactions, L int ≡ 0. Close to the space-like singularity Σ 0 bordering on B, ds 2 ∼ = −(t/r g )dt 2 + (r g /t)dr 2 + t 2 w, where ∼ = means equality up to sub-leading contributions in each term as Σ 0 is approached [5] . In this asymptotic regime,
Here ∂ 2 ∢ denotes the usual angular part of the Laplace opera-tor in R 3 in Schwarzschild spherical coordinates. The corresponding Green function G is sourced by
, with σ and σ ′ denoting Schwarzschild spherical coordinates of events localized on Σ t and Σ t ′ , respectively, and satisfies
In order to estimate the asymptotic relevance of each term in the differential operator, consider D(ετ ) in the limit ε → 0 + . The effective potential for free fields scales asymptotically as 1/t 2 and develops a repulsive barrier. It is well-known from quantum mechanics [6] that potentials of this type cannot be penetrated via tunnel processes.
Following the geometrical description of space-like singularities by Belinskii, Khalatnikov and Lifshitz [7] , temporal variations dominate over spatial variations in the region bordering on Σ 0 . Therefore,
. The time-dependent part of the source distribution scales like (1/ε)δ(τ − t ′ /ε). This effectively allows to split the Green function G = T (t, t ′ )P (σ, σ ′ ) in the vicinity of Σ 0 , with the asymptotic dynamics given by ∂ τ (τ ∂ τ T ) ∼ = 0. Here all identifiers labeling the eigenvalue problem of the Laplace operator have been suppressed for ease of notation. We find the asymptotic solution
, with C 0,1 sufficiently well behaved to guarantee a well-posed initial value problem on Σ t ′ .
In order to appreciate the rather mild divergence of the asymptotic solution T , we introduce an emitter Q em localized on Σ t ′ , t ′ ∈ (0, t * ) in the asymptotic domain, and an absorber Q ab on Σ ετ . For instance, consider Q ab = δ(t − ετ ) q ab (σ), with q ab encoding the spatial extension of the detector on Σ ετ . This blueprint effectively replaces part of Σ 0 with a detector volume that can resolve arbitrary frequencies. Note that the asymptotic regime is controlled by the parameter ε while τ represents a constant instant of time.
The classical measurement process is described by the on-shell vertex density ν obs = det(g)Q * ab Φ os + c.c. with Φ os denoting a linear functional of Q em with a bi-local kernel given by G [8] . In the region bordering on Σ 0 , as specified by the support properties of emitter and absorber, ν obs ∼ = t 2 ln(t)δ(t − ετ )sin(θ)q ab F em , where F em contains the exclusive information on the emission process and depends only on source parameters. In particular, F em is finite in accordance with a globally hyperbolic interior B. For ε → 0, the measurement of the emitter's influence on the detector gives a vanishing response, ν obs ∼ = 0, in the distributional sense. This implies that no information carried by local bookkeeping devices can reach Σ 0 . It is possible to be more specific about the emitter. As an example, the energy momentum tensor for the complex scalar field scales like T ∝ 1/(ετ ) 2 on Σ ετ and develops a singularity towards Σ 0 . It is easy to accommodate this observable in the above naive measurement prescription: Q em = trT ∝ 1/t ′3 for t ′ in the asymptotic domain. Let us consider two detector models in this case. First, again Q ab = δ(t − ετ )q ab (σ), resulting in a measurement of ν obs = 0, as before. Second, Q ab = M (ετ )U ⊗ U , where U ∼ = ετ /r g dt, and M (t) denotes the spatial volume integral over an energy density. The principle of minimal coupling underlying a measurement description based on Q ab is of course the coupling to a gravitational wave, hence Q em = T . In this case, measuring the influence of the emitter on the absorber located at Σ ετ we find the scaling ν obs ∝ M (ετ )(ετ ) 3 ln(ετ ). From a phenomenological point of view, Q ab is required to have nontrivial support towards Σ 0 and εM (ετ ) needs to be bounded as ε ∈ R + approaches zero. Then, ν ∼ = 0, as well, which only confirms that the asymptotic description of the tree-level measurement process is independent of the tensor providing the principal communication channel.
Before closing the micropaedia, let us briefly discuss the asymptotic diagnostics of Noether charges. The U (1)-current density is j = Φ * P Φ − c.c., where P denotes the four-momentum. Projecting the current density onto U , we find the following scaling relation for the charge density ρ localized on Σ ετ : ρ(ετ ) ∼ = ρ(t * )(t * /ετ ) 3/2 , which formally diverges as Σ 0 is approached. Physical measurements of the charge Q(ετ ), however, are fine. In fact Q(ετ ) = Q(t * ), where t * denotes a fiducial time in the asymptotic regime. Thus black-holes cannot be discharged through the geodesic singularity Σ 0 bordering on their interiors. Any active information sink would necessarily lead to charge depletion. Note that this discussion of asymptotic charge conservation is fully based on local physics inside black holes, and no reference to the usual global characterization in the exterior is made.
Macropaedia. A more rigorous argument is based on the Schrödinger representation of local quantum physics. In B consider a dynamical system (H, Φ * , Φ), where Φ * , Φ denote scalar fields charged under U (1), and H is the corresponding Hamilton density H = :
, and Π := −iδ/δΦ denoting the momentum field conjugated to Φ. The effective potential density V is a pure multiplication operator.
Let |Ψ Σ t 0 denote a Schrödinger state localized on an initial hypersurface Σ t0 . At a later time t, the initial state has evolved to |Ψ Σ t = E(t, t 0 )|Ψ Σ t 0 , and is localized on the hypersurface Σ t in the folio Σ. Let C denote the set of all possible field configuration, both on-shell and off-shell. The C-representation of E is given by
where dµ x denotes the covariant measure with respect to the metric g Σ , and x refers to the coordinate neighbourhood. In Minkowski space-time and in the absence of external fields, the evolution operator E is required to be a unitary representation of time translations. Locally these are generated by a self-adjoint Hamiltonian which is therefore associated with the total energy of the dynamical system. In dynamical space-times such as B, and therefore in general, E is only required to be a member of a contraction semi-group, which implies, in particular, E(t, t 0 ) ≤ 1 for all times t later than the initial time t 0 , which translates in B to ∀t ∈ (0, t 0 ). Fortunately, E can still be approximated locally and H can still be interpreted as a generator density. This is more than nomenclature: H is called accretive if Re( Ψ|H|Ψ ) ≥ 0 for any state in the domain of H, and it generates a contraction semi-group if and only if H is accretive. In other words, the pair (unitary, self-adjoint) is superseded by the pair (contractive, accretive) as the complete characterization of consistent quantum dynamics in generic space-times.
The main criterion for the non-existence of sinks for local information carriers is the following: Information associated with configurations of local bookkeeping devices is conserved in a globally hyperbolic space-time bordering on a space-like singularity Σ 0 if and only if the corresponding evolution is given by a contraction semi-group with vanishing norm on Σ 0 .
Consider first a free system with effective potential
. The ground state of the corresponding dynamical system represented in C should be given by a Gaussian wave functional
where the degrees of freedom are organised in the twotuple V := (φ, φ * ) T , and
is a quadratic functional with a bi-local representation given by the matrix K. In the absence of interactions, K is diagonal and only its trace enters (4) . Furthermore, in the vicinity of the Schwarzschild singularity Σ 0 , the evolution generator simplifies to H ∼ = G(Π * , Π). As a consequence, tr(K) becomes a spatial contact term towards the singularity, tr(K)(x, y, ετ ) ∼ = k(ετ )δ (3) (x, y) with [9] Im (k(ετ )
in the limit ε → 0. This is consistent with the analysis of generalized Kasner space-times by Belinskii, Khalatnikov and Lifshitz: In the vicinity of space-like singularities, but still in the domain of general relativity, the spatial variation of local quantities is insignificant compared to temporal gradients. In the asymptotic region, the asymptotic kernel (5) implies for the wave functional (3) of the Gaussian ground state that
where Λ denotes a short-distance cut-off and v(Σ ετ ) a volume regularization. This choice is satisfactory for the purpose at hand and does not affect the limit ε → 0.
In order to show that H is accretive, it is sufficient to introduce an auxiliary source functional J describing the absorption and emission of fields φ minimally coupled to the associated local current density J, and define Ψ J 0 [φ](t) := φ| exp(J )[Φ](t)|Ψ 0 Σt , which allows to replace compositions of the configuration operator Φ by the corresponding succession of functional derivatives with respect to the current. In the presence of the auxiliary source,
where [f ]δ 2 J denotes the second functional derivative with respect to J, smeared with an appropriate field configuration f . In the absence of the auxiliary source, the ground-state expectation (7) is real and semi-positive definite. Towards the singularity Σ 0 , it approaches zero due to the temporal support granted by the probability den-
The ground-state expectation value (8) is real, semipositive definite, and approaches zero towards Σ 0 . Therefore, Ψ
is always semi-positive definite and vanishes towards the black-hole singularity. It can be shown that these qualifications remain true for arbitrarily excited states. Hence, H is accretive and the quantum evolution is indeed given by a contraction semi-group [10] . Furthermore, information is conserved in B and cannot leave through the geodesic information sink Σ 0 bordering on B. All these results remain true if (self-) interactions are included. We checked this explicitly [10] , but it is also understandable at the qualitative level since still H ∼ = G(Π * , Π). This result is rather intuitive: The ultimate reason behind the consistency of local quantum physics inside a black hole, even in a semi-classical set-up, is quantum completeness, which also renders information conservation sacrosanct. The geodesic information sink is closed because the probabilistic measure keeps Σ 0 void of any information carriers. As a consequence Σ 0 cannot be probed by local quantum physics, not even indirectly in the sense of allowing B to leak. Quantum fields are totally ignorant about the presence of Σ 0 and the corresponding complete event space can be interpreted as a physical space-time which is regular.
The absence of an information sink in the quantum theory can be reconsidered as follows. Since K is diagonal, we only consider φ-configurations for the sake of brevity. The probability-current density is given by
and satisfies the functional generalization of differential probability conservation, ∂ t P 0 + divS 0 = 0, where
on any spatial hypersurface Σ t , t ∈ (0, t 0 ). Integrating this divergence over the field configuration space, continuity of probability amounts to
where W(t) denotes the total probability for populating Σ t with any field configuration, on-and off-shell. Towards the black-hole singularity Ψ 0 |Π 2 (x)|Ψ 0 ∈ R + 0 , see (8) , and so W(t) is conserved. The probability current cannot reach the geodesic information sink. Therefore there is no probability leakage in accordance with our former statement that Σ 0 cannot be populated with information carriers.
Discussion. In the region bordering on Σ 0 we may expect nontrivial support for the originally pure state |Ψ S that formed the black hole. Instead of populating the interior B with arbitrary information carriers, consider a population originating from an Unruh state |U ≡ |Ψ in ⊗ |Ψ out , where |Ψ out denotes a state associated with Hawking radiation and |Ψ in is the corresponding ingoing state. Let us choose a Cauchy initial hypersurface Σ t0 in B such that the quantum content of the interior is |Ψ B = |Ψ S ⊗|Ψ in on this hypersurface [3] . The configuration space contains dual states such as C| = X|⊗ R|, where X represents the configuration fields that participated in the gravitational collapse, and R denotes the ingoing Hawking quanta. Evolving the states from Σ t0 to Σ ετ , the wave functional in configuration representation is given by Ψ B [C](ετ ) = Σετ C|E(ετ, t 0 )|Ψ B Σt 0 . In order to allow for a probabilistic interpretation, the evolution operator is required to satisfy the contraction property E(ετ, t 0 ) ≤ 1 towards Σ 0 . Equivalently, its generator Hence, the wave functional of the black-hole interior satisfies a trivial Dirichlet boundary condition. This boundary condition restricts information configurations to B in which information processing is described by a contraction semi-group E(t, t 0 ) with an accretive generator H. This generator shares properties with Dirichlet operators: Close to the boundary the dynamics trivialises to free evolution, corresponding to a geometrically induced asymptotic freedom, and information processing is only supported away from the boundary. This boundary condition is not imposed on the wave functional, it is rather a direct consequence of a quantum complete evolution that protects the probabilistic interpretation of the theory against the singular structure Σ 0 bordering on the physical space-time B. The only conceivable way the evolution can achieve this within the usual approximation scheme is by depriving Σ 0 from rendering probabilistic support to local bookkeeping devices. As a consequence, the geometrical information sink is closed for local quantum physics, and there can be no leakage of information. The analysis was restricted to B which is sufficient to address the information paradox.
As a result, black-hole interiors respect information in the sense that information processing is free from paradoxes.
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